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Modular forms

o Let

F(z) =) ap(n)e’mn

n>0

be a holomorphic normalised newform of weight k& and level V.
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Modular forms

o Let

F(z) =) ap(n)e’mn

n>0
be a holomorphic normalised newform of weight k& and level V.

@ We denote the field generated by all the Fourier coefficients of f by

Q(f)
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Fourier expansion at cusps

Let a be a cusp of I'g(IV)\H. This is equivalent to a rational number

a= %, where L|N and (a, N) = 1.

Let 0 = (¢ %) € SLy(Z) such that a = ooo.
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Fourier expansion at cusps

Let a be a cusp of I'g(IV)\H. This is equivalent to a rational number

a= where L|N and (a, N) = 1.

a
L’
Let 0 = (¢ %) € SLy(Z) such that a = ooo. Then f|o has a Fourier
expansion of the form

f’ko— Zaf n; J 27rznz/w( )

n>0

where w(a) = N/(L? N) is the width of the cusp.
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Fourier expansion at cusps

Let a be a cusp of I'g(IV)\H. This is equivalent to a rational number

a= where L|N and (a, N) = 1.

a
L’
Let 0 = (¢ %) € SLy(Z) such that a = ooo. Then f|o has a Fourier
expansion of the form

f’ko' Zaf n; J 27rznz/w( )

n>0

where w(a) = N/(L? N) is the width of the cusp.

@ The g-expansion principle implies that the Fourier coefficients at any
cusp lie in the number field Q(f)(¢n)
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A question about the Fourier coefficients of f|ig

@ Let f be a normalised newform of level N and weight k£ and
g € SLy(Z); what is the number field that the Fourier coefficients of
flrkg generate?
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A question about the Fourier coefficients of f|ig

@ Let f be a normalised newform of level N and weight k£ and
g € SLy(Z); what is the number field that the Fourier coefficients of

flrkg generate?

e Can one write down an explicit subfield of Q(f)({x), depending on
the entries of g, which contains all the Fourier coefficients of f|;g?

March 28, 2022 4/13
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The answer

Theorem (Brunault & Neururer, 2020)

Let f be a normalised newform on I'g(N) with weight k. Let Q(f) be the
field generated by all the Fourier coefficients of f. Let

o =(2%) € SLy(Z). Then the Fourier coefficients of f|o lie in the
cyclotomic extension Q(f)({n+) where N' = N/(cd, N).
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The answer

Theorem (Brunault & Neururer, 2020)

Let f be a normalised newform on I'g(N) with weight k. Let Q(f) be the
field generated by all the Fourier coefficients of f. Let

o =(2%) € SLy(Z). Then the Fourier coefficients of f|o lie in the
cyclotomic extension Q(f)({n+) where N' = N/(cd, N).

@ This result holds more generally for modular forms on I'y (V)

@ The proof is purely classical
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Hilbert modular forms |
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Hilbert modular forms |

o Let F' be a totally real number field of degree n with narrow class
group of size h and ring of integers Or. Let n denote a fixed integral

ideal of Op
e For u=1,...,h, we define the congruence subgroup I',,(n) of GLy(F')
as

I'yn) = { <‘CL Z) ta,d € Op,be (t,) '®p c € nt,Dp,ad—bc € O}?},
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Hilbert modular forms |

o Let F' be a totally real number field of degree n with narrow class
group of size h and ring of integers Or. Let n denote a fixed integral

ideal of Op
e For u=1,...,h, we define the congruence subgroup I',,(n) of GLy(F')
as

I'yn) = { <‘CL Z) ta,d € Op,be (t,) '®p c € nt,Dp,ad—bc € O}?},

o Let f, be a Hilbert modular form of weight k = (k1, ..., k) and level
I'y(n).
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Hilbert modular forms |

o Let F' be a totally real number field of degree n with narrow class
group of size h and ring of integers Or. Let n denote a fixed integral

ideal of Op
e For u=1,...,h, we define the congruence subgroup I',,(n) of GLy(F')
as
Iun) = { <CCL Z) ta,d € Op,be (t,) '®p c € nt,Dp,ad—bc € OIX;},

o Let f, be a Hilbert modular form of weight k = (k1, ..., k) and level
I',(n). We have that f, has a Fourier expansion of the form

fulz) = Z au(g)ezm Tr(€z)

E€(tuOr)+U{0}
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Hilbert modular forms Il

e A Hilbert newform of weight k and level n is a tuple f = (f1, ..., fz)
where f,, is a Hilbert cuspform for I';,(n) and f does not come from
lower level and is a Hecke eigenform
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Hilbert modular forms Il

e A Hilbert newform of weight k and level n is a tuple f = (f1, ..., fz)
where f,, is a Hilbert cuspform for I';,(n) and f does not come from
lower level and is a Hecke eigenform

@ We define

(& fu) = N(t,0p) /2, (£)¢ko1=P/2,

where kg = max{ki,...,k,} and ko1 = (ko, ..., ko)
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Hilbert modular forms Il

e A Hilbert newform of weight k and level n is a tuple f = (f1, ..., fz)
where f,, is a Hilbert cuspform for I';,(n) and f does not come from
lower level and is a Hecke eigenform

@ We define

(& fu) = N(t,0p) /2, (£)¢ko1=P/2,

where kg = max{ki,...,k,} and ko1 = (ko, ..., ko)

o We let Q(f) denote the number field generated by ¢, (&; fu) as &
varies over F' and p varies over 1 <y < h (Shimura, 1978).
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Main result

o Let f = (f1,..., fr) be a normalised newform of level n and weight
k= (k1,...,k,) and 0 € I',(1); what is the explicit cyclotomic
extension (depending on &) of Q(f) which contains all the Fourier
coefficients of f,|[r07?

o Let Q(f, i1, 0) denote the field generated by c,(&; fullko) as & varies
over F.

=7

Tim Davis (QMUL) Hilbert Modular Forms March 28, 2022 8/



Main result

o Let f = (f1,..., fr) be a normalised newform of level n and weight
k= (k1,...,k,) and 0 € I',(1); what is the explicit cyclotomic
extension (depending on &) of Q(f) which contains all the Fourier
coefficients of f,|[r07?

o Let Q(f, i1, 0) denote the field generated by c,(&; fullko) as & varies
over F.

Let f = (f1,..., fn) be a normalised cuspidal Hilbert newform of level n
and weight k = (k1,...,kp) with ki = ... =k, (mod 2). Let 1 < pu<h
and o = (2Y) € T,(1). Then Q(f,p,0) lies in the number field
Q(f)(Cn,) where Ny is the integer such that NyZ = n/(cdt;lﬁgl,n) NZ.
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Key result |

@ Let II, be an irreducible admissible infinite dimensional representation
of GLa(F},) with unramified central character

o Let W, be the local normalised Whittaker newform
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Key result |

@ Let II, be an irreducible admissible infinite dimensional representation
of GLa(F},) with unramified central character

o Let W, be the local normalised Whittaker newform
o Let 7 € Aut(C) and g € GLa(Fy).
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Key result |

@ Let II, be an irreducible admissible infinite dimensional representation
of GLa(F},) with unramified central character

o Let W, be the local normalised Whittaker newform
o Let 7 € Aut(C) and g € GLy(F},). Then we have

T(Wy(g)) = Wrr, (a(ar)g) (Raghuram & Tanabe, 2011)
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Key result |

Let II, be an irreducible admissible infinite dimensional representation
of GLa(F},) with unramified central character

Let W, be the local normalised Whittaker newform
Let 7 € Aut(C) and g € GL2(F),). Then we have

T(Wy(g)) = Wrr, (a(ar)g) (Raghuram & Tanabe, 2011)

So if I, ® | [¥0/2 = (11, ® | |¥0/2), we have that

7(Wo(9))7 (| det(9)l10/?) = Wi (a(ar)g)| det(g) [y,
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Key result Il

@ Let ¢ be an adelic newform in the space of IT and f = (f1, ..., fn) be
the corresponding classical Hilbert newform
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Key result Il

@ Let ¢ be an adelic newform in the space of IT and f = (f1, ..., fn) be
the corresponding classical Hilbert newform

o Let o =(2%) eT,(1) then ful|ro is a Hilbert cuspform for
o, (n)o and

Fullko(2) = ™26 (gous(0™ "))
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Key result Il

@ Let ¢ be an adelic newform in the space of IT and f = (f1, ..., fn) be
the corresponding classical Hilbert newform

o Let o =(2%) eT,(1) then ful|ro is a Hilbert cuspform for
o, (n)o and

Fullko(2) = ™26 (gous(0™ "))

e We have f,||z0 has a Fourier expansion of the form
fullko(z) = 3 0 (€: )2 THER),
(tpOp)r(on)—1) 4

where (o, n) = n((a’n, (tﬁlgﬁlc)Q))_l
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Key result Il

@ Let ¢ be an adelic newform in the space of IT and f = (f1, ..., fn) be
the corresponding classical Hilbert newform

o Let o =(2%) eT,(1) then ful|ro is a Hilbert cuspform for
o, (n)o and

Fullko(2) = ™26 (gous(0™ "))

e We have f,||z0 has a Fourier expansion of the form
fu“ka(z) = Z a,u(f; U)€2mTr(§z)a
(twOF)w (o) =) 4
where (o, n) = n((a’n, (t;1©;16)2))_1

Let £ € F*. Then

y*2a, (& 0)e(Tr(€2)), if € € (t,OF)w(o,n)~1),
0, otherwise.

Wo(a(§)gste(o™ )ay) = {
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Overview of main result proof

@ From key result Il we have

au(&0) =y e T EIW, () gore(o )
= ¢k/2 H Wo(a(€)w(o™)z,.), from evaluating W

<00
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Overview of main result proof

@ From key result Il we have

au(&0) =y e T EIW, () gore(o )
= ¢k/2 H Wo(a(€)w(o™)z,.), from evaluating W

<00

@ Thus

cu(& fullko) = N(8,0p) 202 TT Wo(a(€)ur(o™ zp,0)

v<oo
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Overview of main result proof

@ From key result Il we have

au(&0) =y e T EIW, () gore(o )
= ¢k/2 H Wo(a(€)w(o™)z,.), from evaluating W

<00

@ Thus

cu(& fullko) = N(8,0p) 202 TT Wo(a(€)ur(o™ zp,0)

v<oo

@ Suppose that 7 € Aut(C) fixes Q(f)((n,) then use Key result | to
find (W (a()u(o™ ) zp,0))
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Overview of main result proof

@ From key result Il we have

au(&0) =y e T EIW, () gore(o )
= ¢k/2 H Wo(a(€)w(o™)z,.), from evaluating W

<00

@ Thus

cu(& fullko) = N(8,0p) 202 TT Wo(a(€)ur(o™ zp,0)

v<oo

@ Suppose that 7 € Aut(C) fixes Q(f)((n,) then use Key result | to
find (W (a()u(o™ ) zp,0))

@ Show
r(euls fullio)
cu(§; fullko)
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Closing remarks

@ We have found sufficient conditions so is the field Q(f)({x,) optimal?
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Closing remarks

@ We have found sufficient conditions so is the field Q(f)({x,) optimal?

@ Can one generalise these results to the case of non-trivial central
character?

Tim Davis (QMUL) Hilbert Modular Forms March 28, 2022 12/13



Closing remarks

@ We have found sufficient conditions so is the field Q(f)({x,) optimal?

@ Can one generalise these results to the case of non-trivial central
character?

@ Can one write an algorithm to compute the Fourier coefficients of
Hilbert newforms at cusps?
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Thank You

Any Questions?
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