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Modular forms

Let
f(z) =

∑
n>0

af (n)e2πinz

be a holomorphic normalised newform of weight k and level N .

We denote the field generated by all the Fourier coefficients of f by
Q(f)
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Fourier expansion at cusps

Let a be a cusp of Γ0(N)\H. This is equivalent to a rational number

a =
a

L
, where L|N and (a,N) = 1.

Let σ = ( a b
L d ) ∈ SL2(Z) such that a = σ∞.

Then f |kσ has a Fourier
expansion of the form

f |kσ(z) =
∑
n≥0

af (n;σ)e2πinz/w(a),

where w(a) = N/(L2, N) is the width of the cusp.

The q-expansion principle implies that the Fourier coefficients at any
cusp lie in the number field Q(f)(ζN )
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A question about the Fourier coefficients of f |kg

Let f be a normalised newform of level N and weight k and
g ∈ SL2(Z); what is the number field that the Fourier coefficients of
f |kg generate?

Can one write down an explicit subfield of Q(f)(ζN ), depending on
the entries of g, which contains all the Fourier coefficients of f |kg?
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The answer

Theorem (Brunault & Neururer, 2020)

Let f be a normalised newform on Γ0(N) with weight k. Let Q(f) be the
field generated by all the Fourier coefficients of f . Let
σ = ( a bc d ) ∈ SL2(Z). Then the Fourier coefficients of f |kσ lie in the
cyclotomic extension Q(f)(ζN ′) where N ′ = N/(cd,N).

This result holds more generally for modular forms on Γ1(N)

The proof is purely classical
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Hilbert modular forms I

Let F be a totally real number field of degree n with narrow class
group of size h and ring of integers OF . Let n denote a fixed integral
ideal of OF
For µ = 1, ..., h, we define the congruence subgroup Γµ(n) of GL2(F )
as

Γµ(n) =

{(
a b
c d

)
: a, d ∈ OF , b ∈ (tµ)−1D−1

F , c ∈ ntµDF , ad−bc ∈ O×F

}
,

Let fµ be a Hilbert modular form of weight k = (k1, ..., kn) and level
Γµ(n). We have that fµ has a Fourier expansion of the form

fµ(z) =
∑

ξ∈(tµOF )+∪{0}

aµ(ξ)e2πiTr(ξz).
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Hilbert modular forms II

A Hilbert newform of weight k and level n is a tuple f = (f1, ..., fh)
where fµ is a Hilbert cuspform for Γµ(n) and f does not come from
lower level and is a Hecke eigenform

We define

cµ(ξ; fµ) = N(tµOF )−k0/2aµ(ξ)ξ(k01−k)/2,

where k0 = max{k1, ..., kn} and k01 = (k0, ..., k0)

We let Q(f) denote the number field generated by cµ(ξ; fµ) as ξ
varies over F and µ varies over 1 ≤ µ ≤ h (Shimura, 1978).
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Main result

Let f = (f1, ..., fh) be a normalised newform of level n and weight
k = (k1, ..., kn) and σ ∈ Γµ(1); what is the explicit cyclotomic
extension (depending on σ) of Q(f) which contains all the Fourier
coefficients of fµ||kσ?

Let Q(f , µ, σ) denote the field generated by cµ(ξ; fµ||kσ) as ξ varies
over F .

Theorem

Let f = (f1, ..., fh) be a normalised cuspidal Hilbert newform of level n
and weight k = (k1, ..., kn) with k1 ≡ ... ≡ kn (mod 2). Let 1 ≤ µ ≤ h
and σ = ( a bc d ) ∈ Γµ(1). Then Q(f , µ, σ) lies in the number field
Q(f)(ζN0) where N0 is the integer such that N0Z = n/(cdt−1

µ D−1
F , n) ∩ Z.
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Key result I

Let Πv be an irreducible admissible infinite dimensional representation
of GL2(Fv) with unramified central character

Let Wv be the local normalised Whittaker newform

Let τ ∈ Aut(C) and g ∈ GL2(Fv). Then we have

τ(Wv(g)) = WτΠv(a(ατ )g) (Raghuram & Tanabe, 2011)

So if Πv ⊗ | |k0/2 ∼= τ (Πv ⊗ | |k0/2), we have that

τ
(
Wv(g)

)
τ
(
| det(g)|k0/2v

)
= Wv(a(ατ )g)|det(g)|k0/2v .
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Key result II

Let φ be an adelic newform in the space of Π and f = (f1, ..., fh) be
the corresponding classical Hilbert newform

Let σ = ( a bc d ) ∈ Γµ(1) then fµ||kσ is a Hilbert cuspform for
σ−1Γµ(n)σ and

fµ||kσ(z) = y−k/2φ(gzιf(σ
−1)xµ)

We have fµ||kσ has a Fourier expansion of the form

fµ||kσ(z) =
∑

((tµOF )w(σ,n)−1)+

aµ(ξ;σ)e2πiTr(ξz),

where w(σ, n) = n
(
(a2n, (t−1

µ D−1
F c)2)

)−1

Let ξ ∈ F×. Then

Wφ(a(ξ)gzιf(σ
−1)xµ) =

{
yk/2aµ(ξ;σ)e(Tr(ξz)), if ξ ∈ ((tµOF )w(σ, n)−1)+

0, otherwise.
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Overview of main result proof

From key result II we have

aµ(ξ;σ) = y−k/2e−2πiTr(ξz)Wφ(a(ξ)gzιf(σ
−1)xµ)

= ξk/2
∏
v<∞

Wv(a(ξ)ιf(σ
−1)xµ,v), from evaluating W∞

Thus

cµ(ξ; fµ||kσ) = N(tµOF )−k0/2ξk01/2
∏
v<∞

Wv(a(ξ)ιf(σ
−1)xµ,v)

Suppose that τ ∈ Aut(C) fixes Q(f)(ζN0) then use Key result I to
find τ(Wv(a(ξ)ιf(σ

−1)xµ,v))

Show
τ(cµ(ξ; fµ||kσ))

cµ(ξ; fµ||kσ)
= 1
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Closing remarks

We have found sufficient conditions so is the field Q(f)(ζN0) optimal?

Can one generalise these results to the case of non-trivial central
character?

Can one write an algorithm to compute the Fourier coefficients of
Hilbert newforms at cusps?
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Thank You

Any Questions?
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